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Last Tutorial
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Robot Kinematics & 
Robot Dynamics

USA Toyz

Joint angles → end 
effector orientation?

researchgate.net

Robotis

Motor ↔ Fingertips
Input? Force?

Toshimitsu et al. (2023) https://srl-ethz.github.io/get-ball-rolling/

How does it 
move?



Focus for Today
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2. Forward and Inverse Kinematics

3. Kinematics and Dynamics for hand joints

1. Robot Kinematics and Dynamics

Marginally Clever Robots

compas_fab

Faive Robotics



Part 1: 
Intro to Robot Kinematics
and Dynamics
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Marginally Clever Robots



Robot Kinematics and Dynamics
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researchgate.net

Kinematics

G

τ ？

Dynamics

Simulation
reaction to certain actuator 

commands

Control
invert of simulation, want to get 
somewhere, what to command?

Design
how are the loads distributed?

Optimization
what dimension should I have?

Actuation
torque, speed, powder etc.

Toshimitsu et al. (2023) https://srl-ethz.github.io/get-ball-rolling/



Robotic Arm
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franka.de

Videos from Orbit



Points, Lines, and Coordinates
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P
Frame A

Frame C

A

C

Point P in Cartesian Coordinates Frame A: AXP = 
𝑥
𝑦
𝑧

rAP

B

rBP

rAB

ArAP = ArAB + ArBP

ArAP ≠ ArAB + CrBP

x

y

z
Q

θ ρ

z

Point Q in Cylindrical Coordinate: XQ = 
ρ
𝜃
𝑧



Rotation
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Rotation

9

x

y

z

x

y

z

x

y

z

φ

φ

φ
Frame A

Frame A

Frame A

Frame B

Frame B

Frame B

𝐶௫ 𝜑 =  
1 0 0
0 𝑐𝑜𝑠𝜑 −𝑠𝑖𝑛𝜑
0 𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑

𝐶௬ 𝜑 =  
𝑐𝑜𝑠𝜑 0 𝑠𝑖𝑛𝜑

0 1 0
−𝑠𝑖𝑛𝜑 0 𝑐𝑜𝑠𝜑

𝐶௭ 𝜑 =  
𝑐𝑜𝑠𝜑 −𝑠𝑖𝑛𝜑 0
𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑 0

0 0 1

r

Ar = CAB∙Br → 
𝐴𝑥

𝐴𝑦

𝐴𝑧
=

1 0 0
0 𝑐𝑜𝑠𝜑 −𝑠𝑖𝑛𝜑
0 𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑

𝐵𝑥

𝐵𝑦

𝐵𝑧
=

𝐵𝑥

𝐵𝑦 ȉ 𝑐𝑜𝑠𝜑 − 𝐵𝑧 ȉ 𝑠𝑖𝑛𝜑

𝐵𝑦 ȉ 𝑠𝑖𝑛𝜑 + 𝐵𝑧 ȉ 𝑐𝑜𝑠𝜑



Rotation
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Ar = CAB∙Br → 
𝐴𝑥

𝐴𝑦

𝐴𝑧
=

1 0 0
0 𝑐𝑜𝑠𝜑 −𝑠𝑖𝑛𝜑
0 𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑

𝐵𝑥

𝐵𝑦

𝐵𝑧
=

𝐵𝑥

𝐵𝑦 ȉ 𝑐𝑜𝑠𝜑 − 𝐵𝑧 ȉ 𝑠𝑖𝑛𝜑

𝐵𝑦 ȉ 𝑠𝑖𝑛𝜑 + 𝐵𝑧 ȉ 𝑐𝑜𝑠𝜑

y

z

φ

Frame A

Frame B

r
φ

φ 𝐵𝑦

𝐵𝑧

𝐴𝑦

𝐴𝑧

𝐴𝑦 = 𝐵𝑦 ȉ 𝑐𝑜𝑠𝜑 − 𝐵𝑧 ȉ 𝑠𝑖𝑛𝜑

𝐴𝑧 = 𝐵𝑦 ȉ 𝑠𝑖𝑛𝜑 + 𝐵𝑧 ȉ 𝑐𝑜𝑠𝜑

𝐵𝑦 ȉ 𝑐𝑜𝑠𝜑

𝐵𝑧 ȉ 𝑠𝑖𝑛𝜑

𝐵𝑧 ȉ 𝑐𝑜𝑠𝜑

𝐵𝑦 ȉ 𝑠𝑖𝑛𝜑
y

z

Frame A

Frame B

φ

φ

𝑐𝑜𝑠𝜑
𝑐𝑜𝑠𝜑

𝑠𝑖𝑛𝜑

-𝑠𝑖𝑛𝜑

𝑐𝑜𝑠𝜑 −𝑠𝑖𝑛𝜑
𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑

(only looking at y & z here)



Rotation
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x

y

z

x

y

z

x

y

z

φ

φ

φ
Frame A

Frame A

Frame A

Frame B

Frame B

Frame B

𝐶஺஽ = 𝐶஺୆ 𝑧ଵ 𝐶஻஼ 𝑦 𝐶஼஽ 𝑧ଶ = 
𝑐𝑜𝑠𝑧ଵ −𝑠𝑖𝑛𝑧ଵ 0
𝑠𝑖𝑛𝑧ଵ 𝑐𝑜𝑠𝑧ଵ 0

0 0 1

𝑐𝑜𝑠𝑦 0 𝑠𝑖𝑛𝑦
0 1 0

−𝑠𝑖𝑛𝑦 0 𝑐𝑜𝑠𝑦

𝑐𝑜𝑠𝑧ଶ −𝑠𝑖𝑛𝑧ଶ 0
𝑠𝑖𝑛𝑧ଶ 𝑐𝑜𝑠𝑧ଶ 0

0 0 1

𝐶௫ 𝜑 =  
1 0 0
0 𝑐𝑜𝑠𝜑 −𝑠𝑖𝑛𝜑
0 𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑

𝐶௬ 𝜑 =  
𝑐𝑜𝑠𝜑 0 𝑠𝑖𝑛𝜑

0 1 0
−𝑠𝑖𝑛𝜑 0 𝑐𝑜𝑠𝜑

𝐶௭ 𝜑 =  
𝑐𝑜𝑠𝜑 −𝑠𝑖𝑛𝜑 0
𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑 0

0 0 1

If first rotate about z axis for z1 angle, then about y axis for y angle, and lastly about z axis again for z2 angle:

↳ Ar = CAD∙Dr



Joint Space and Task Space
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φ1

φ2 φ3

x

z

𝑥
𝑧

α

Joint Space
𝑞 =  

𝜑ଵ

𝜑ଶ

𝜑ଷ

Joint Coordinates

𝜑ଵ

𝜑ଶ

𝜑ଷ

Task Space

χ =  
𝑥
𝑧
α

Task Coordinatesx

z

α



Part 2: 
Forward and 
Inverse Kinematics
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Cartesian space

Forward kinematics

Inverse kinematics

Joint space



Forward and Inverse Kinematics
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Joint Space Task Space

φ1

φ2 φ3

x

z

𝑥
𝑧

α

Forward Kinematics

Inverse Kinematics



Homogeneous Transformation Matrix
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A

rAP rBP

rAB
B

P
rAP = rAB + rBP

ArAP = ArAB + ArBP = ArAB + CAB∙BrBP

ArAP CAB ArAB

01x3 
BrBP

TAB



Homogeneous Transformation Matrix
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φ1

φ2
φ3

0𝑥 =  𝐼𝑥

0𝑧 =  𝐼𝑧
𝑙଴

𝑙ଵ

𝑙ଷ

1𝑥

1𝑧

2𝑧

2𝑥

3𝑥

3𝑧

𝐸𝑥

𝐸𝑧
𝐼𝐸 0 01 12 23 3𝐸

𝑙ଶ
q = 

𝜑ଵ

𝜑ଶ

𝜑ଷ

E



Homogeneous Transformation Matrix
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φ1

φ2
φ3

0𝑥 =  𝐼𝑥

0𝑧 =  𝐼𝑧
𝑙଴

𝑙ଵ

𝑙ଶ 𝑙ଷ

1𝑥

1𝑧

2𝑧

2𝑥

3𝑥

3𝑧

𝐸𝑥

𝐸𝑧
𝐼𝐸 0 01 12 23 3𝐸

𝑇𝐼𝐸 =

1
0

0
1

0 0
0 0

0 0 1 0
0 0 0 1

𝑐ଵ

0
0
1

𝑠ଵ 0

0 0
−𝑠ଵ 0 𝑐ଵ 𝑙଴

0 0 0 1

𝑐ଶ

0
0
1

𝑠ଶ 0

0 0
−𝑠ଶ 0 𝑐ଶ 𝑙ଵ

0 0 0 1

𝑐ଷ

0
0
1

𝑠ଷ 0

0 0
−𝑠ଷ 0 𝑐ଷ 𝑙ଶ

0 0 0 1

1
0

0
1

0 0
0 0

0 0 1 𝑙ଷ

0 0 0 1

End effector position 
and orientation:

IXE(q) =
𝑙ଵ sin 𝜑ଵ + 𝑙ଶ sin 𝜑ଵ + 𝜑ଶ + 𝑙ଷ sin 𝜑ଵ + 𝜑ଶ + 𝜑ଷ

𝑙଴ + 𝑙ଵ 𝑐𝑜s 𝜑ଵ + 𝑙ଶ 𝑐𝑜s 𝜑ଵ + 𝜑ଶ + 𝑙ଷ 𝑐𝑜s 𝜑ଵ + 𝜑ଶ + 𝜑ଷ

𝜑ଵ + 𝜑ଶ + 𝜑ଷ

q = 
𝜑ଵ

𝜑ଶ

𝜑ଷ

E



Forward Differential Kinematics and Jacobian
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ா
ா

ா஺ with  ா஺
ఋ௑ಶ

ఋ௤

ఋ௑భ

ఋ௤భ

ఋ௑భ

ఋ௤೙

ఋ௑೘

ఋ௤భ

ఋ௑೘

ఋ௤೙

𝐸 ா஺ with  ா஺
௠×௡



Inverse Kinematics
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Marco Hutter, Roland Siegwart
Robot Dynamics Class ETH



Part 3: 
Kinematics and Dynamics 
for hand joints

20Faive Robotics



Difference Between Conventional Robots and Robotic Hands
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franka.de abb.com



Recap: Different Types of Joints
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Pin Joint
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φ



Synovial Joint
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Rolling Contact Joint ─ Joints Used on Faive Hand

25Ulrich Steger Master Thesis



Kinematics for Rolling Contact Joint

26Ulrich Steger Master Thesis



Kinematics for Rolling Contact Joint
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Kinematics for Rolling Contact Joint
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𝑟𝑇1𝑇2 =

−𝑋ଵ

𝑅ଵ𝑠𝑖𝑛αଵ

−𝑅ଵco𝑠αଵ

+ 𝐶ଵ଴

0
0

2𝑅
+ 𝐶ଵଶ

𝑋ଶ

−𝑅ଶ𝑠𝑖𝑛αଶ

𝑅ଶ𝑐𝑜𝑠αଶ

R: radius of the rolling cylinders

R1, α1 and X1: cylinder coordinates of the point T1 in system 1

R2, α2 and X2: cylinder coordinates of the point T2 in system 2

𝐶ଵ଴ =

1 0 0

0 𝑐𝑜𝑠
ఏ

ଶ
−𝑠𝑖𝑛

ఏ

ଶ

0 𝑠𝑖𝑛
ఏ

ଶ
𝑐𝑜𝑠

ఏ

ଶ

,         𝐶ଵଶ =
1 0 0
0 𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
0 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃



Kinematics for a Conical Rolling Contact Joint
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𝑟𝑇1𝑇2 =

−𝑋ଵ

𝑅ଵ𝑠𝑖𝑛αଵ

−𝑅ଵco𝑠αଵ

+ 𝐶ଵଶ

𝑋ଶ

−𝑅ଶ𝑠𝑖𝑛αଶ

𝑅ଶ𝑐𝑜𝑠αଶ

𝐶ଵଶ =

𝑐𝑜𝑠𝛽 𝑠𝑖𝑛
𝜃

2
𝑠𝑖𝑛𝛽 𝑐𝑜𝑠

𝜃

2
𝑠𝑖𝑛𝛽

𝑠𝑖𝑛
𝜃

2
𝑠𝑖𝑛𝛽 𝑐𝑜𝑠

𝜃

2

ଶ

− 𝑠in
𝜃

2

ଶ

𝑐𝑜𝑠𝛽 −𝑐𝑜𝑠
𝜃

2
𝑠𝑖𝑛

𝜃

2
(1 + 𝑐𝑜𝑠𝛽)

−𝑐𝑜𝑠
𝜃

2
𝑠𝑖𝑛𝛽 𝑐𝑜𝑠

𝜃

2
𝑠𝑖𝑛

𝜃

2
(1 + 𝑐𝑜𝑠𝛽) 𝑐𝑜𝑠

𝜃

2

ଶ

𝑐𝑜𝑠𝛽 − 𝑠in
𝜃

2

ଶ



Kinematics for Rolling Contact Joint
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𝑟𝑇1𝑇2 =

−𝑋ଵ

𝑅ଵ𝑠𝑖𝑛αଵ

−𝑅ଵco𝑠αଵ

+ 𝐶ଵ଴

0
0

2𝑅
+ 𝐶ଵଶ

𝑋ଶ

−𝑅ଶ𝑠𝑖𝑛αଶ

𝑅ଶ𝑐𝑜𝑠αଶ

𝐶ଵ଴ =

𝑐𝑜𝑠
𝛽

2
0 𝑠𝑖𝑛

𝛽

2

𝑠𝑖𝑛
𝛽

2
𝑠𝑖𝑛

𝜃

2
𝑐𝑜𝑠

𝜃

2
−𝑐𝑜𝑠

𝛽

2
𝑠𝑖𝑛

𝜃

2

−𝑠𝑖𝑛
𝛽

2
𝑐𝑜𝑠

𝜃

2
𝑠𝑖𝑛

𝜃

2
𝑐𝑜𝑠

𝛽

2
𝑐𝑜𝑠

𝜃

2



Dynamics
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G

τ ？

Toshimitsu et al. (2023) https://srl-ethz.github.io/get-ball-rolling/



Dynamics
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Motor 
Positions

Tendon 
Lengths

Joint 
Angles



Dynamics
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Dynamics
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௠

Velocity of 
the motors

Velocity of the 
finger joints

் ்

Conservation of Power

் ்
௠ ௠

்



Dynamics
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𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝 𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝

Previous slide: ௠
்

்
𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝

்
𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝

்
𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝

்
𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝

𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝
்

𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝



Dynamics

36

௠
்

𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝
்

𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝

௠
் ିଵ

𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝
்

𝑓𝑖𝑛𝑔𝑒𝑟𝑡𝑖𝑝



• Intro to Robot Kinematics and Dynamics
o Representing points and lines in different 

coordinates and frames
o Rotational matrix
o Joint space and task space

• Forward and Inverse Kinematics
o Homogeneous transformation matrix
o Forward differential kinematics and Jacobian
o Inverse kinematics

• Kinematics and Dynamics for hand joints
o Hand Joints
o Kinematics for rolling joints
o Dynamics for rolling joints

Summary
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compas_fab

Faive Robotics

Marginally Clever Robots



1. Sensing

Next? Implementing Control Strategies for Manipulation!

38

2. Control

Wikimedia

3. Challenges

Maria College

Fine Art America


